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In this work, the effect an asset price bubble has on optimal portfolio allocations
is investigated. A price bubble is an economic phenomenon that occurs when
the observed market price of an asset does not coincide with its value in an
objective sense. Advancements have recently been made in the mathematical
modeling of price bubbles and allow us to investigate the effect the presence
of a bubble has on portfolio optimization. A duality viewpoint allows us to
gain insight in our investigation and the tools from the Malliavin Calculus are
used to characterize the investor’s optimal holdings. A simulation framework is
developed and the results are analyzed. From this investigation, it is concluded
that the presence of asset price bubbles cause investors to reduce the number of
shares they trade of the asset.
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CHAPTER 1
INTRODUCTION
The portfolio optimization problem is a central problem in mathematical finance
and has been well studied since Markowitz famously developed modern port-
folio theory [25] in 1952. Markowitz’s mean-variance criterion was further gen-
eralized by Merton [26] who introduced von Neumann and Morgenstern’s util-
ity functions [36] to represent the investor’s risk preferences in the problem.
To solve the problem in this expected utility maximization form, Merton made
use of dynamic programming. Merton’s method of solving the portfolio opti-
mization problem via dynamic programming, as well as techniques for solv-
ing more general stochastic control problems, is described in Pham’s textbook
[31], as well as in Yong and Zhou [38]. As described in these references, the
method of dynamic programming transforms the stochastic optimization into
a partial differential equation (the Hamilton-Jacobi-Bellman equation) and then
uses PDE techniques to find the maximum expected utility the investor can at-
tain. As modern asset pricing theory has developed, the tools of this theory,
namely Equivalent Local Martingale Measures, have since been integrated into
the theory of portfolio optimization.
The Equivalent Local Martingale Measures have elucidated a duality viewpoint
for the portfolio optimization problem, as seen for complete markets in Pliska
[32], Karatzas et al. [20], and Cox and Huang [1]; then expanded to incomplete
markets in Karatzas et al. [21] and He and Pearson [12]; and now in its current
state of generality in Kramkov and Schachermayer [22]. The duality viewpoint
has several major advantages over the dynamic programming approach. Du-
ality better aligns the problem to other theories and results of mathematical
finance, it provides theoretical results in a general semimartingale framework
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rather than the Markovian framework required by the dynamic programming
technique, and it transforms the dynamic optimization problem into a static
convex optimization problem. The duality theory will be described in detail in
a subsequent chapter.
Asset price bubbles have long been observed in markets dating back to Hol-
land’s Tulip Mania (1634-1637) [8]. Recent advances in the mathematical mod-
eling of this phenomenon ([18],[19],[16],[34]) prompt the question: in what way
do asset price bubbles effect the trading strategies of an optimal portfolio? It is
the objective of this work to provide answers to that question.
The economic phenomenon commonly refered to as a bubble is characterized
by a sharp price increase followed by a price collapse. Intuitively, an asset price
bubble occurs when the observed market price of an asset does not coincide
with its value in an objective sense. The assets “value” is precisely defined in
Jarrow et al., [18] and [19], and is known as the assets fundamental value. An
asset price bubble is defined as the difference between the asset’s price and its
fundamental value. The difficulty in creating a mathematical model of bubbles
is to construct the model in a way that preserves desirable, intuitive, and rea-
sonable structure in the market, such as arbitrage-free prices and put-call parity.
The works of Jarrow et al. [18] and [19], deal with all these issues and the model
presented there will be described later. Additionlly, Jarrow, Kchia, and Protter
have developed bubble-detection techniques in [16]. A comprehensive review
of these advancements in modelling asset-price bubbles can be found in Protter
[34]. The tools utilized in this investigation of the effect of bubbles on optimal
portfolio holdings include: the current model of asset price bubbles, Malliavin
Calculus, dynamic programming, duality theory, and Monte-Carlo Simulation.
The necessary tools used from these theories will be reviewed where
2
appropriate.
3
CHAPTER 2
PORTFOLIO OPTIMIZATION, DUALITY, AND STOCHASTIC
VOLATILITY
This chapter describes the relevant background theory including asset price
bubble theory, Malliavin Calculus, the portfolio optimization problem, and du-
ality theory. In reviewing these theories, the financial model used for the re-
mainder of the work is also set-up and described.
Assume there is a complete filtered probability space (Ω,F ,F, P ) where F sat-
isfies the usual conditions (consult Protter’s textbook on Stochastic Differential
Equations for an explanation of the usual conditions [33]). Further assume the
space contains two standard, independent Brownian motions B(S) ∈ Rm and
B(V ) ∈ Rd. The symbol B is used to denote the (m + d)-dimensional standard
Brownian motion [B(S) B(V )]T .
Now, define the two stochastic processes S and V in terms of the following
stochastic differential equations.
dSt = µtdt+ σ(t, St, Vt)dB
(S)
t
dVt = ηtdt+ ρ(t, St, Vt)dB
(S)
t + γ(t, St, Vt)dB
(V )
t (2.1)
S is the price process and V is the volatility process. This is the stochastic
volatility model as discussed in Sin [35], Lions [23], Hobson [13], Hull and White
[14], and elsewhere in the literature. The model describes an economy with n
risky assets and 1 money market account1. The processes µ and η are adapted to
F and the functions σ(t, s, v), ρ(t, s, v), and γ(t, s, v) are Borel measurable map-
pings. Take m ≥ n and assume that σ(t, s, v) is full rank for all (t, s, v).
1The Money Market Account is the locally riskless asset R(t) = exp(
∫ t
0
rsds). The MMA
begins with one unit of account, R(0) = 1, and all interest is continuously reinvested into the
account at (instantaneously riskless) spot interest rate rt, which is positive and adapted to F.
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For convenience, S is assumed to be the price process with the money market
account taken as nume´raire2. That is to say that rather than quote prices relative
to a currency, such as dollars, the prices of the risky assets are quoted relative
to the value of the money market account and the money market account main-
tains the constant value 1. This is a standard technique and is expanded upon in
Geman [9], where it is shown that the optimal portfolio allocations are invariant
to this transformation.
It is easy to see that this is the most general model for stochastic volatility, at
least in terms of the Brownian motions. Suppose the term σ˜(t, St, Vt)dB
(V )
t is
added to the dSt differential in 2.1. Then the new system can be expressed in
terms of correlated Brownian motions as follows. Let H(t, St, Vt) =
σ σ˜
ρ γ
 .
Then,
dSt
dVt
 =
µt
ηt
 dt+H(t, St, Vt)
dB(S)t
dB
(V )
t
 (2.2)
The coordinates of B˜ = H(t, St, Vt)Bt are correlated Brownian motions with
correlation matrix ρt = HHT . Now, dB˜t can be substituted for the right-most
summand above to describe the dynamics of the system. This gives,dSt
dVt
 =
µt
ηt
 dt+ dB˜t. (2.3)
Since for each t, ρt is symmetric positive definite, ρt has a Cholesky decomposi-
tion. This means there exists a unique lower triangular matrix Lt, with strictly
positive diagonal entries, such that ρt = LtLTt . Then Zt = L
−1
t B˜t is a standard
2Let S˜ denote the price process before the transformation, then S, the process with MMA
as nume´raire, is St = exp (−
∫ t
0
rsds) · S˜t. The transformation is applied to all assets, including
the MMA, and the transformed value of the MMA is exp (− ∫ t
0
rsds) · R(t) = 1, ∀t, making the
effective interest rate of the transformed asset prices zero for all time.
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Brownian motion and the price and volatility satisfy the following system of
SDEs, dSt
dVt
 =
µt
ηt
 dt+ LtdZt. (2.4)
Therefore, without loss of generality, the model assummed in (2.1) can describe
the new system and the extra flexibility provided by adding the σ˜ submatrix to
H in equation 2.2 is redundant.
2.1 Martingale Measures and Asset-Price Bubbles
2.1.1 Martingale Measures
Let α ∈ L1(S), the set of progressively measurable processes integrable with re-
spect to S (see Protter [33] for a detailed explanation), denote a trading strategy
for the investor. The i’th component of α at time t, α(i)t , is the number of shares
the investor holds of asset i at time t. Then, starting with an initial capital of
x ∈ R+{x ∈ R : x ≥ 0}, define the investors Wealth Process by,
Xα,xt = x+
∫ t
0
αsdSs (2.5)
From this definition of the investor’s wealth, it is seen that the condition α ∈
L1(S) is necessary simply to ensure the wealth process is well-defined, in par-
ticular that the stochastic integral with respect to S is well-defined. The set of
trading strategies available to the investor is further restricted to those that are
admissible, denoted α ∈ A(S). An admissible strategy’s defining characteristic
is that
∫
αdS is lower-bounded. This condition prevents doubling strategies (as
described in Harrison and Pliska [11]) and has the economic interpretation that
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the amount of capital the investor is able to borrow is finite and bounded over
her trading period [0, T ].
Suppose, for some α′ ∈ A(S) and some x ∈ R+, there is a nonnegative FT mea-
surable random variable XT , that satisfies the inequality
x+
∫ t
0
α′sdSs ≥ XT , a.s. (2.6)
Then, viewing XT as a contingent claim at time T, this claim is said to be su-
perreplicable at initial wealth x and the control α′ that satisfies the inequality
is called a superreplication portfolio strategy. The idea here is that, the random
cash flow that XT represents at time T, can be approximated by our investor if
she begins with initial endowed wealth x and follows the trading strategy α′.At
time T she can then discard any possible excess in wealth above the value XT
(from equation 2.6) and has superreplicated this contingent claim. Taking x = 0
and α = 0 will always superreplicate a negative contingent claim. Therefore,
the analysis will be restriced to XT that are nonnegative valued. Henceforth, L0+
will be used to denote the nonnegative, (Ω,F , P )-measurable random variables.
In constructing the duality viewpoint, the following set will prove useful.
Take some x ∈ R+, and denote the set of superreplicable contingent claims, the
subset of nonnegative and FT -measurable random variables that can be super-
replicated with wealth x, as
C(x) =
{
XT ∈ FT ∩ L0+ : ∃α ∈ A(S), x+
∫ T
0
αtdSt ≥ XT , a.s.
}
(2.7)
When considering the risky assets, the following wealth process is important
enough to deserve its own name, W ,
Wt = X
~1,0
t = 0 +
∫ t
0
~1 · dSs (2.8)
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This wealth process corresponds to having no initial wealth and maintaining a
constant portfolio consiting of one share of each of the risky assets.3
Using this wealth process, define on the measurable space (Ω,FT ) the following
set of probability measures,
Mloc(W ) =
{
Q ∼ P 4 : W is a Q Local Martingale} (2.9)
These are the Equivalent Local Martingale Measures (ELMM), the set of prob-
ability measures equivalent to P and under which the process W is a Q-Local
Martingale, see Protter for definitions[33], and are the crucial tool used in Asset
Pricing Theory as well as in the duality theory currently being described.
Assumption 1 Mloc(W ) 6= ∅.
By the first fundamental theorem of asset pricing, see Delbaen and Schacher-
mayer [2], this assumption is equivalent to No Free Lunch with Vanishing Risk
(NFLVR), the standard no arbitrage condition in modern Mathematical Finance.
As a corollary of the optional decomposition theorem, (see [31]), the following
relation holds between the setsMloc(W ) and C(x),
C(x) =
{
XT ∈ FT ∩ L0+ : sup
Q∈Mloc(W )
EQ[XT ] ≤ x
}
(2.10)
Comparing the two characterizations of C(x), 2.7 and 2.10, it is apparent that
for a given initial wealth x, there is a duality between superreplication portfolio
strategies, the α’s, and equivalent local martingale measures, theQ’s. This dual-
ity allows the Portfolio Optimization Problem to be transformed and simplified,
and will be described later in this chapter. Before introducting the portfolio op-
timization problem, the definitions necessary to describe Asset Price Bubbles
3In this case W ≡ S and making this distinction is seemingly unimportant. However, in gen-
eral when assets are modeled as paying dividends and having a random lifetime this distinction
becomes important, and is reflected in the standard notation which is adopted here.
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will be reviewed. This theory also relies crucially on ELMM’s, connecting the
theory of bubbles with the duality viewpoint of portfolio optimization.
2.1.2 Bubbles
Markets are said to be complete if for any contingent claim XT ∈ C(x) there
exists an α ∈ A(S) and an x ∈ R+, such that XT = x+
∫ T
0
αsdSs. This is stronger
than the superreplication described by 2.6. Completeness says that all contin-
gent claims can be exactly replicated using admissible trading strategies and all
contingent claims are therefore redundant securities in the market. It has been
shown in Jarrow et al. [19] that bubbles cannot exist in a complete economy.
Therefore, the market considered must be incomplete.
In incomplete markets, by the second fundamental theorem of asset pricing,
[33], |Mloc(S)| > 1. In words, markets are incomplete if and only if there exists
more than one ELMM. So, one must choose the valuation measure used to price
assets from the set of ELMM’s. There have been multiple schemes suggested
for dealing with the issue of choosing “the measure” among the set of ELMM’s,
and the one adopted here will be to let the market choose the measure using
option prices, as described by Jacod and Protter [15].
In subsequent sections, when the valuation measure Q is mentioned, it should
be interpreted as the measure “chosen by the market.”
Given the valuation measure Q, the fundamental value of S is defined to be the
risky assets’ discounted expected cash flows under Q. In this stochastic volatil-
9
ity setting the fundamental value5 as defined in [18] is,
S∗t = EQ[ST | Ft] (2.11)
Given the asset price process S and the fundamental value process S∗, the bub-
ble process β is defined as their difference
βt = St − S∗t ≥ 0 (2.12)
The nonnegativity of β holds because S is a nonnegative Q local martingale,
and therefore a Q supermartingale; and, the inequality follows directly from the
definition of a supermartingale.
As noted in Jarrow et al.’s paper [18], under the assumption of NFLVR, it is
not necessarily true that the market price equals the fundamental value. Under
NFLVR the market price always equals the arbitrage free price, but this need not
equal the fundamental value. This difference occurs precisely when W is only
a strict Q local martingale, rather than a true Q martingale. This is the very fact
that motivated the use of the stochastic volatility model.
2.2 Malliavin Calculus and the Clark-Ocone formula
The theory of Malliavin Calculus has its beginnings in the 1978 work by Paul
Malliavin [24]. The theory’s use was limited until 1984 when Ocone [28] de-
veloped an explicit formula of the Clark representation formula, in terms of
5[18] develops the fundamental value under much more general assumptions on the dynam-
ics of the asset prices. In that case, the form of the fundamental value uses a random stopping
time representing the life of the asset and the cumulative dividend process of the asset. Here the
assets are assumed to pay no dividends and only expire at t = T in the sense that the investment
horizon has been reached.
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the Malliavin Derivative. In 1991 Ocone and Karatzas [29] applied this Clark-
Ocone formula in finance by using it to find optimal trading strategies. It is for
this same application that the theory will be briefly reviewed here. For brevity,
proofs will be omitted. Please consult the monograph by Nunnan and Øksendal
[5] on Malliavin Calculus for further information.
2.2.1 Malliavin Derivative Definition and Properties
There are several ways to define the Malliavin Derivative, the one used here
will be via the Wiener-Itoˆ chaos expansion. This will be done both because of
its expositional clarity and because it is the natural definition when extending
from the continuous Brownian case to general Le´vy-Jump processes.
To begin, consider a function f : [0, T ]n → R. Such a function is symmetric if
given any σ ∈ Sn (the symmetric group of order n),
f(tσ1 , . . . , tσn) = f(t1, . . . , tn) (2.13)
Of all the symmetric functions, the subset considered here will be the sym-
metric functions that are square integrable Borel functions on [0, T ]n, denoted
L˜2 ([0, T ]n) ⊂ L2 ([0, T ]n) .
Given a function f ∈ L˜2 ([0, T ]n), define the n-fold iterated Itoˆ Integral In(f),
In(f) =
∫
[0,T ]n
f(t1, . . . , tn)dB(t1) . . . dB(tn) (2.14)
Where B is a standard Brownian motion. Thanks to results in Functional Anal-
ysis and Stochastic Analysis, these Iterated Itoˆ Integrals can be used to char-
acterize the space of L2(P ) random variables, as the following result shows.
Wiener-Itoˆ Chaos Expansion
11
Given an L2(P ) random variable F ∈ FT , there exists a unique sequence {fn}∞n=0
of function in L˜2 ([0, T ]n) such that,
F =
∞∑
n=0
In (fn) (2.15)
where convergence occurs in the L2(P ) sense.
The proof of this expansion relies on the Itoˆ representation theorem and Hilbert
Space techniques and can be found in Øksendal’s monograph [5].
Given F ∈ L2(P ) and FT -measurable with chaos expansion F =
∑∞
n=0 In (fn),
F ∈ D1,2 if,
‖F‖2D1,2 =
∞∑
n=0
nn! ‖fn‖2L2([0,T ]n) <∞ (2.16)
And for F ∈ D1,2 the Malliavin Derivative DtF of F at time t is defined to be
the following,
DtF =
∞∑
n=0
nIn−1 (fn(·, t)) (2.17)
where the iterated integrals are taken with respect to the first (n − 1) variables
and the n-th variable is left as a parameter. Notice the resemblance of this defi-
nition to the standard derivative of the monomial xn.
The following basic properties for the Malliavin Derivative hold.
Product Rule Given F,G ∈ D1,2,
Dt(FG) = FDt(G) +GDt(F ) (2.18)
Chain Rule Given G ∈ D1,2 and g ∈ C1 (R) ,
Dtg (G) = g
′ (G)DtG (2.19)
In the simulation section, the following result will also prove useful. It is found
in the appendix of [3]. Suppose a diffusion process Y has dynamics described
by the following SDE,
dYs = µ(Ys)ds+ σ(Ys)dBs
Y0 = y. (2.20)
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Then, as seen in section 2.2 of Nualart’s textbook [27], if µ(·) and σ(·) are mea-
surable, Lipschitz, and C1 functions, the chain rule and Itoˆ’s theorem give the
following dynamics for the processes {DtY· : t ∈ [0, T ]}.
d (DtYs) =
∂µ(Ys)
∂Y
DtYsds+
∂σ(Ys)
∂Y
DtYsdBs, s ≥ t
DtYt = σ(Yt) (2.21)
It should be emphasized that this is a collection of processes, one for each t ∈
[0, T ] representing a Malliavin Derivative at time t. So, in equation 2.21 t is a
fixed parameter and s is the time variable.
2.2.2 Generalized Clark-Ocone Formula
Let ut be a progessively measurable process adapted to F that satisfies the Novikov
condition,
E
[
exp
(
1
2
∫ T
0
u2sds
)]
<∞ (2.22)
Then by the Girsanov Theorem (cf. Protter [33]), The measure Q defined by,
dQ
dP
= Z(T ) = exp
(
−
∫ T
0
usdBs − 1
2
∫ T
0
u2sds
)
(2.23)
is a probability measure equivalent to P . Furthermore, the Girsanov Theorem
states that
B˜t =
∫ t
0
usds+Bt (2.24)
is a Q-Brownian motion. In subsequent sectionsEQ will denote expectation with
respect to this new probability measure Q.
The process Zt found in equation 2.23 is known as the Dole´ans-Dade or Stochas-
tic Exponential [33] and is often denoted,
E
(∫ ·
0
usdBs
)
t
= exp
(
−
∫ t
0
usdBs − 1
2
∫ t
0
u2sds
)
. (2.25)
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The Clark-Ocone Formula under a change of measure
Let F ∈ D1,2 be FT -measurable. Then under mild conditions on u and DtF ,
F = EQ[F ] +
∫ T
0
EQ
[(
DtF − F
∫ T
0
DtusdB˜s
)
| Ft
]
dB˜t (2.26)
Equation 2.26 is the crucial tool from Malliavin Calculus that will be used to
analyze the effects of asset price bubbles on optimal portfolio holdings.
2.3 The Portfolio Optimization Problem: A Duality Viewpoint
2.3.1 The Primal Formulation
The portfolio optimization problem will now be set up and solved. Assume the
investor’s risk preferences are described by a utility function U(x).6 That is,
Definition: The function U : R → R is strictly increasing, strictly concave, and
of class C1 (continuously differentiable).
Kramkov and Schachermayer have shown in [22] that it is both necessary and
sufficient that U satisfies the condition of reasonable asymptotic elasticity in
order for there to exist a solution to the portfolio optimization problem.
Reasonable Asymptotic Elasticity: The Asymptotic Elasticity of U satisfies,
AE(U) = lim sup
x→∞
xU ′(x)
U(x)
< 1 (2.27)
6The implications of this assumption are discussed in [6].
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Investment occurs in the time interval [0, T ] for some T ∈ [0,∞). The investor’s
goal is to choose an admissible trading policy, α ∈ A(S) that maximizes her
expected utility. That is, starting from wealth x ≥ 0 at time t ∈ [0, T ] she seeks
to solve,
v(t, x) = sup
α∈A(S)
EP [U(x+
∫ T
t
αdS)]. (2.28)
This optimization problem has been well studied. It can be solved directly, un-
der suitable conditions, by using the Hamilton-Jacobi-Bellman equations. As
shown in, for example, Pham [31] and Yong and Zhou [38] the value function
v(t, x) can be obtained by solving the following PDE7,
wt +H(t, x,Dxw(t, x), D
2
xw(t, x)) = 0, ∀(t, x) ∈ [0, T )× R2, where
H = sup
a∈A
12 trace

a(1)σ 0
a(2)ρ a(2)γ

a(1)σ 0
a(2)ρ a(2)γ

T
D2xw
+Dxw · (a(1)µ, a(2)η)T

w(T, x) = x (2.29)
Where H is the Hamiltonian of the system. When casting the stochastic volatil-
ity dynamics 2.1 in the HJB framework of [38], V is considered to be one of the
state variables. Because of this, the set A ⊂ R2 of controls is constrained to live
on the x-axis. This is because volatility is considered a state variable only so that
it can be fit into this framework, but it is not a risky asset and the investor has
no ability to hold shares of volatility. No explicit constraints are placed on the
a(1)-axis, so the set of controls for the investor is A = R× {0}.
The classical solution of this PDE requires the restrictive assumption that v ∈
C1,2, continuously differentiable one in its t argument and twice in its x argu-
ment. The more modern method of viscosity solutions has weakened this as-
sumption, but its proof still imposes conditions on the dynamics of S and V that
7Again, the exposition in the references allow much more general dynamics of the asset
prices and, as such, appear in a simplified form in this work.
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can be relaxed by using different techniques. As stated in, for example, theorem
5.2 of Yong and Zhou [38], a sufficient condition for the existence of a viscosity
solution is that the processes σ, ρ, γ, µ, and η are functions of (St, Vt, t) and sat-
isfy a uniform Lipschitz condition in (S, V ). The duality formulation, however,
allows µ and η to be progressively measurable processes in L1(S). Viscosity so-
lutions, while useful and of theoretical interest, do not acheive the highest level
of generality. Furthermore, as previously stated, the tools of duality theory are
in better alignment with the tools used to describe asset price bubbles. There-
fore, the remainder of the paper will take a duality viewpoint.
2.3.2 The Duality Formulation
The martingale duality framework has been developed in its current state of
generality by Kramkov and Schachermayer [22]. As their work shows, dual-
ity theory can be used in this setting and the Optimal Wealth Process Xˆ can
be easily recovered in terms of the investor’s utility function and the Radon-
Nikodym density of the market’s chosen risk-neutral measure Q. Kramkov and
Schachermayer, [22], show the Optimal Wealth Process satisfies the following,
XˆxT = I(Y(x)ZT ), (2.30)
where I = (U ′)−1 (the inverse of the derivative of the utility function), ZT is the
density of Q with respect to P at time T, (as in 2.23) and Y(x) is a normalizing
function defined such that E(Q)[XˆxT ] = x.
The well developed duality theory gives a nice, clean characterization of the
optimal wealth process. However, it is of both theoretical interest and practical
importance to understand not only the wealth process obtained from optimal in-
vestment, but the trading strategy itself. This is only found implicitly in the full
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semimartingale generality of Kramkov and Schachermayer via the Galtchouk-
Kunita-Watanabe decomposition. This theorem only ensures the existence of an
optimal trading strategy, but no closed-form expression for how to create such
a strategy.
To calculate the trading strategy more or less explicitely requires the theory of
the Malliavin Calculus and specifically the generalized Clark-Ocone formula.
The form of this theory used here is adapted from Øksendal and Nullan’s mono-
graph on the subject [5]. Given valuation measureQwith Radon Nikodym den-
sity Zt = E(−u · (B(S), B(V )))t, the Girsanov Theorem says B˜t := Bt +
∫ t
0
u(s)ds
is a Q Brownian motion.
By duality,
XT = I(Y(x)ZT ) = x+
∫ T
0
αsdSs (2.31)
The dynamics of the wealth processX with respect to B˜ theQ Brownian motion
will be needed to apply the Clark-Ocone formula. The definition of B˜ gives,
dXt= αt · dSt = αt ·
(
µtdt+ σ(t, St, Vt)dB
(S)
t
)
=
= αt ·
(
µtdt+ σ(t, St, Vt)(dB˜t − u(t)dt)
)
=
= αt · σ(t, St, Vt)dB˜t + αt ·
(
µt − σ(t, St, Vt)u(t)
)
dt
And, since S is a Q local martingale, it follows that X is a Q local martingale and
so the drift term above is zero.
This requires, by the optional decomposition theorem, that
ut = σ(t, St, Vt)
T (σ(t, St, Vt)σ(t, St, Vt)
T )−1µt. (2.32)
Define a new process pit such that dXt = pitdB˜t. Then, from the above equation
it is easily seen that the optimal trading strategy α is related to the new process
pi, by,
αt = (σ(t, St, Vt)σ(t, St, Vt)
T )−1σ(t, St, Vt)pit (2.33)
17
The Generalized Clark-Ocone formula 2.26 states that the process pi must be the
following 2.26,
pit = EQ
[
DtXT −XT
∫ T
t
Dtus · dB˜s | Ft
]
(2.34)
Where, Dt is the Malliavin derivative operator.
This formula can be simplified by explicit calculation of DtXT and by using
Bayes’ Theorem to write pi as a conditional expectation in terms of the market
measure P .
To simplify DtXT , recall that XT = I(Y(x)ZT ) and make use of the Chain Rule
for Malliavin derivative Dtg(Y ) = g′(Y )DtY as given in 2.19.
DtXT= DtI(Y(x)ZT ) = I ′(Y(x)ZT )Dt
(Y(x)ZT ) (2.35)
= I ′(Y(x)ZT )Y(x)DtZT (2.36)
The Malliavin Derivative DtZT of the density of measure Q with respect to P is
given in corollary 3.19 of Øksendal and yields,
DtXT = −I ′(Y(x)ZT )Y(x)ZT
{
u(t) +
∫ T
t
DtusdB˜s
}
(2.37)
Now, substituting this into equation (2.34) gives,
pit= EQ
[−I ′(Y(x)ZT )Y(x)ZT{u(t) + ∫ T
t
Dtus · dB˜s
}−XT ∫ T
t
Dtus · dB˜s | Ft
]
=
= −EQ[I ′(Y(x)ZT )Y(x)ZTu(t) +
{
I ′(Y(x)ZT )Y(x)ZT +XT
}∫ T
t
Dtus · dB˜s | Ft]
(2.38)
Remark: Considering the form of the above equation, it is clear that the second
term dissappears precisely when the coefficient I ′(Y(x)ZT )Y(x)ZT + XT = 0.
This occurs when XT = I(Y(x)ZT ) = 1Y(x)ZT i.e. precisely when log-utility is
assumed. This expresses that log-utility is particularly simple, in part, because
the Dtus term has no influence on the optimal trading strategy.
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CHAPTER 3
PRELIMINARY RESULTS IN A CONSTRUCTED EXAMPLE
In this chapter, a simplified and specialized model is constructed, differing slightly
from the stochastic volatility model introduced earlier, to build intuition for the
more general setting which will appear in the subsequent chapter.
The market is modeled following the example (ex. 5.6) in Jarrow et al. [18] and
using two independent one dimensional P -Brownian motions denotedB(1) and
B(2).
Fix a constant k > 1 and define the stopping time τ = inf{t : E(B(2))t = k},
recalling the notation in 2.25. This stopping time is crucial in creating a bubble
in this modified Black-Scholes economy.
Define the processes E and S as follows,
Et = E(B(2))t∧τ St = E(B(1))t∧τ (3.1)
The process S represents the market price of a stock with zero dividends and
terminal payoff at time τ of Xτ = Sτ . Therefore, the wealth process W associ-
ated with holding one unit of the risky asset is given by Wt = St. Notice that on
[t < τ ], S is identical to the standard geometric Brownian motion in the standard
Black-Scholes model.
The stopping time is what makes this model differ from the previously de-
scribed stochastic volatility model (2.1). In particular, the fact that the price is
fixed after τ means that σ(·, ·, k) is not full rank on the (stochastic) time interval
[τ, T ].
Define the ELMM Q on the probability space (Ω,F , P ) in terms of the following
Radon-Nikodym derivatives,
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dQ
dP
∣∣∣
Ft
= Et. (3.2)
As shown in Jarrow [18] lemma 2.6, under the market measure P, S is a non-
uniformly integrable martingale, and ES is a uniformly integrable martingale.
Therefore, P ∈ MNUI(W ), the set of ELMM’s that make the wealth process W
a non-UI (local) martingale, and Q ∈ MUI(W ), the set of ELMM’s under which
W is UI.
So, there can be a price bubble under P corresponding to its fundamental price
process, S∗,
S∗t = EP [Xτ1{τ<∞} | Ft]
= EP [Sτ1{τ<∞} | Ft]
= EP [Sτ1{τ≤t} + 1{τ>t}EP [Sτ1{τ<∞} | Fτ ] | Ft]
= Sτ1{τ≤t} + 1{τ>t}
∫ ∞
t
EP [Su | Ft]P [τ ∈ du | Ft]
= Sτ1{τ≤t} + 1{τ>t}
∫ ∞
t
StP [τ ∈ du | Ft]
= Sτ∧tEP [1{τ<∞} | Ft]
= StEP [1{τ<∞} | Ft]. (3.3)
Where the equality of lines 4 and 5 follow from the independence of B(1) and
B(2). Given S and the fundamental price S∗ the bubble process, β, is
βt := St − S∗t = St(1− P [{τ <∞} | Ft]).
The expression for β can be simplified and written in terms of the process E.
Notice that E is bounded, by k, and hence a uniformly integrable P martin-
gale, and that it is also nonnegative. By the Burkholder-Davis-Gundy inequal-
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ity, there exists a constant c > 0 such that,
c · EP [(〈E〉t)1/2] ≤ EP [
∨
0≤s≤t
Es] ≤ k. So,
EP [(〈E〉t)1/2] = EP [(E2t t)1/2] ≤
k
c
. Hence,
EP [Et] ≤ k
c
√
t
.
Taking a limit as t → ∞, EP [E∞] = 0. And since E∞ is nonnegative, it follows
that E∞ = 0 a.s.
Combining this with an application of Doob’s optional sampling theorem to E
gives,
Et=EP [Eτ | Ft] = EP [Eτ1{τ=∞} | Ft] + EP [Eτ1{τ<∞} | Ft] =
=0 · P [{τ =∞} | Ft] + k · P [{τ <∞} | Ft]. (3.4)
Hence, P [{τ <∞}|Ft] = 1kEt. And therefore,
βt = St(1− 1
k
Et) (3.5)
3.1 Optimal Portfolio
The Lemma in this section will show that under this model, and actually much
more generally, it is optimal to not invest in the risky asset.
Lemma 1
Given a concave, nondecreasing utility function and a probability measure P
such that S is a P local martingale, α ≡ 0 always solves the portfolio optimiza-
tion problem.
Proof:
x+
∫ T
0
αsdSs is an integrable random variable and since S is a P local martingale
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and
∫
αdS is a lower bounded P local martingale, the process x +
∫ t
0
αsdSs is a
P supermartingale and x+
∫ T
0
αsdSs has expectation EP [x+
∫ T
0
αsdSs] ≤ x.
Since U is concave, and x +
∫ T
0
αsdSs is integrable, Jensen’s inequality may be
applied and gives,
EP [U(x+
∫ T
0
αsdSs)] ≤ U
(
EP [x+
∫ T
0
αsdSs]
) ≤ U(x).
Where the second inequality holds because U is nondecreasing.
This inequality must hold for all admissible α. Therefore, α ≡ 0 solves the port-
folio optimization problem and achieves the maximum utility U(x). 
This result is obvious in Markowitz’s mean-variance criterion. Indeed, if S is
a nonnegative P local martingale, it is a P supermartingale. Therefore, the ex-
pected return at any time t of E[
∫ t
0
dSs] ≤ E[0] = 0. So, the assets expected return
is less than or equal to 0 and it is optimal to minimize variance over portfolio’s
with zero return and simply invest in the money market account.
3.2 Modifications to achieve a nontrivial result
The preceeding lemma shows that a necessary condition for investment is that
the dynamics of S with respect to P have a non-zero drift term. A drift term is
now introduced into the model.
Let µ and σ be strictly positive constants, k and τ be defined as before, and
modify S to be the following process,
St= E(µ+ σB(1))t∧τ = exp (
∫ t
0
σdB
(1)
s∧τ +
∫ t
0
µd(s ∧ τ)− 1
2
∫ t
0
|σ|2d(s ∧ τ)) =
= exp (σB
(1)
t∧τ + (µ−
1
2
σ2)(t ∧ τ)).
Et= E(B(2))t∧τ (3.6)
22
Now, define the ELMM’s R and Q on the probability space in terms of the fol-
lowing Radon-Nikodym derivatives,
dR
dP
∣∣∣
Ft
= E(−µ
σ
B(1))t
dQ
dR
∣∣∣
Ft
= Et (3.7)
Then, on the time interval when the asset exists, [0, τ ], S dR
dP
= E((σ − µ
σ
)B(1)
)
is
a geometric Brownian motion. Therefore, up to a constant, the uniform integra-
bility results coincide with the previous model and by Jarrow [18] lemma 2.6,
R ∈MNUI(W ) and Q ∈MUI(W ).
There is a price bubble under R corresponding to its fundamental price process.
Denote the P -GBM S¯t = E
(
(σ− µ
σ
)B(1)
)
t
, then the fundamental price process for
S under R is,
S∗t = ER[Xτ1{τ<∞} | Ft]
= EP [Sτ
E(−µ
σ
B(1))τ
E(−µ
σ
B(1))t
1{τ<∞} | Ft]
=
1
E(−µ
σ
B(1))t
EP [S¯τ1{τ≤t} + 1{τ>t}EP [S¯τ1{τ<∞} | Fτ ] | Ft]
=
1
E(−µ
σ
B(1))t
(
S¯τ1{τ≤t} + 1{τ>t}
∫ ∞
t
EP [S¯u | Ft]P [τ ∈ du | Ft]
)
=
1
E(−µ
σ
B(1))t
(
S¯τ1{τ≤t} + 1{τ>t}
∫ ∞
t
S¯tP [τ ∈ du | Ft]
)
=
1
E(−µ
σ
B(1))t
S¯τ∧tEP [1{τ<∞} | Ft] (3.8)
and on [0, τ ], this gives S∗t = StP [{τ <∞}|Ft].
Given S and the fundamental price S∗ the bubble process, β, is the following,
βt = St − S∗t = St(1− P [{τ <∞} | Ft]).
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This can be written in terms of the process E, as noted in the previous case, by
noticing,
Et= EP [Eτ | Ft] = EP [Eτ1{τ=∞} | Ft] + EP [Eτ1{τ<∞} | Ft] =
= 0 · P [{τ =∞} | Ft] + k · P [{τ <∞} | Ft]. (3.9)
Hence,
P [{τ <∞} | Ft] = 1
k
Et.
And therefore,
βt = St(1− Et
k
) (3.10)
3.2.1 Portfolio Selection Problem
Now that the existence of a bubble under ELMM R has been established, the
investor’s problem will be considered. This will be analyzed by an artificial
market completion. It will be assumed that the set of ELMM’s Mloc(W ) is a
singleton (equivalent to the market being complete by the second fundamental
theorem of asset pricing). First the caseMloc(W ) = {Q} is considered, followed
by assuming thatMloc(W ) = {R}.
The investor is assumed to possess the utility functionU(x) = log (x), describing
her preferences, and is investing over the interval [0, T ] for some T ∈ [0,∞).
Recall, her goal is to choose an admissible trading policy α ∈ A(S) := {α ∈
L1(S) :
∫
αdS is lower-bounded} that maximizes her expected utility. Starting
at t = 0 with initial wealth x ≥ 0 she seeks to solve,
v(x) = sup
α∈A(S)
EP [U(x+
∫ T
0
αtdSt)]. (3.11)
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Solution under ELMM Q
Notice that the problem is identical to the following problem,
v˜(x) = sup
α∈A(S˜)
EP [U(x+
∫ T∧τ
0
αt1{T≤τ}dS˜t]
where S˜ := E(µ+ σB(1)) is the unstopped GBM.
The problem will be easier to analyze by first defining a new set of controls α˜ in
terms of the original controls in A(S˜). Let α˜t = P [{T ≤ τ}]S˜tαt/Xt.
Then, for a given control process α˜, the investor’s wealth process satisfies,
dXt =
Xt
P [{T ≤ τ}]S˜t
α˜tdS˜t = Xt
α˜t
P [{T ≤ τ}] (µdt+ σdB
(1)
t )
Furthermore, the infinitesimal generator corresponding to this process is given
by,
Af(x) = P [T ≤ τ ]{aµx df
dx
+
1
2
a2σ2x2
d2f
dx2
}.
The localized version of Dynkin’s formula (see theorem 1.24 in Øksendal [30])
may be applied to this problem. For a given control α˜ it gives,
EP [U(X(T∧τ))] = U(x) + EP [
∫ T∧τ
0
(α˜tµ− α˜2tσ2/2)dt] (3.12)
The integral on the right is maximized by making the integrand as large as pos-
sible and that value is α˜∗t ≡ µ/σ2 for all t. This corresponds to α∗ ∈ A(S) of,
α∗t =
µ
σ2
X∗t
StP [T ≤ τ ]1{t≤τ}. (3.13)
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To show that this is the solution under Q, it needs to be shown that X∗T =
x +
∫ T
0
α∗dS is in C(Q)(x) := {XT ∈ (Ω,FT , P ) : EQ[XT ] ≤ x}. By the optional
decomposition theorem (see Pham [31]), this is true if and only if X∗ is a Q su-
permartingale. X∗ is a Q supermartingale since S is a Q local martingale and
hence X∗ is a non-negative Q local martingale and therefore a Q supermartin-
gale.
Solution under ELMM R
Again, the problem can be solved via Dynkin’s formula as above. Now, the only
delicacy is to notice the following lemma.
Lemma 2
For any XT ∈ C(R)(x) the random variable EP [XT | FB(1) ] is in C(R)(x) and its
expected utility is an upper bound for the expected utility of XT .
Proof
Notice that dR
dP
is FB(1)-measurable. Then, given X ∈ C(R)(x),
ER[EP [XT | FB(1) ]] = EP [EP [XtdR
dP
| FB(1) ]] = EP [XT dR
dP
] = ER[XT ] ≤ x
So, the random variable is in C(R)(x) and it remains to be shown that its expected
utility dominates that of the original X.
EP [U(XT )] = EP [EP [U(XT ) | σ(B(1))]] ≤ EP [U(EP [XT | σ(B(1))])]
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Where the last inequality holds by Jensen’s inequality since the utility function
is concave. 
It follows from this lemma that the problem can be restricted to one over
FB(1)-measureable elements in C(R)(x). So, the result from Q needs to be pro-
jected onto this sigma-field. The result is that under R,
α
∗,(R)
t =
µ
σ2
Xt
St
1{t≤τ}. And, therefore, α
∗,(R)
t < α
∗,(Q)
t .
What is found here is that the effect of the bubble, which occurs underR and not
Q, is to invest proportionately less in the risky asset. The proportion is 1
P [T≤τ ] .
Intuitively, what is happening here is that Q’s relation to the process E gives the
investor information about B(2), which is related to τ. This information makes
the expiration of S at time τ less “surprising” so W is a uniformly integrable
Q martingale and S does not have a bubble under Q. However, this informa-
tion makes S appear more risky, so less of it is held in the optimal portfolio. In
contrast, under R the investor has no knowledge of B(2), as demonstrated in
Lemma 2. Under R, the investor behaves as if she is unaware of τ ’s potential to
“kill” the asset before the investment horizon T is reached. This is reflected also
in W being a non-UI R martingale.
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CHAPTER 4
SIMULATING THE OPTIMAL TRADING STRATEGY
With the insights gained from last chapter’s special example using logarithmic
utility, this chapter now investigates the effect of bubbles on optimal portfolios
for general utility funtions. When an investor’s preferences are described by a
general utility function the Dtus term in equation (2.38) might affect the optimal
trading strategy. This means the optimal trading strategy has a very complex
dependency on asset price bubbles. Therefore, theoretical analysis of the trading
strategy’s dependence on a price bubble is intractable in general, and a simula-
tion analysis is required to investigate this dependency. The simulation model
used in this work is described below, followed by the simulation results and
analysis in the subsequent chapter.
4.1 Simulation Model
For simulation purposes, a simplified version of the stochastic volatility model
2.1 will be assumed for the dynamics of the asset price process S and the volatil-
ity process V. Specifically, the following dynamics are assumed,
dSt = Diag(St)[µdt+ Diag(Vt)β
(S)
σdB
(S)
t ] (4.1)
dVt = Diag(Vt)[ηdt+ Diag(Vt)β
(V )
ρdB
(S)
t + Diag(Vt)
β(V )γdB
(V )
t ] (4.2)
Where for vectors v and β in Rn, the n× n matrix Diag(v)β is,
Diag(v)β =

vβ11 0 0
0
. . . 0
0 0 vβnn

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Also, µ, η, σ, ρ, γ, β(S), and β(V ) are constant valued and of appropriate dimen-
sion.
To simplify notation, let At = Diag(St)Diag(Vt)β
(S)
σ.
Then under the simulation model dynamics (4.1) equations (2.32) and (2.33)
give,
ut = A
T
t (AtA
T
t )
−1(Diag(St)µ)
αt = (AtA
T
t )
−1Atpit (4.3)
Malliavin Derivatives
Let Gt = Diag(Vt)β
(V )
[ρ γ]. Then, using the result in 2.21 from the Malliavin
Calculus review, the following dynamics hold for DtV· the Malliavin Derivative
at time t of the volatility process.
d (DtVs) = [
∂(Diag(Vs)η)
∂V
ds+
m+d∑
j=1
∂G
(j)
s
∂V
dB(j)s ]DtVs, s ≥ t
DtVt = Gt. (4.4)
Where for a vector-valued function f depending on V,
∂f(V )
∂V
=

∂1f
(1)(V ) · · · ∂mf (1)(V )
... . . .
...
∂1f
(m)(V ) · · · ∂mf (m)(V )
 .
Using the chain rule for the Malliavin derivative, Dtus, the Malliavin derivative
at time t of u, can be found in terms of the process DtVs.
Dtus = σ
T
(
σσT
)−1 [−(β(S) · µT )Diag(Vs)−β(S)−1]DtVs, s ≥ t (4.5)
Now that all the dynamics of the processes needed for the simulation have been
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derived, the method of simulating them will be addressed. Computers are in-
herently discrete in nature, so the continuous dynamics derived here need to be
discretized and the scheme used to do this will now be described.
4.2 Discretization Scheme
To simulate this system on a computer requires making a discrete approxima-
tion of the processes. To effect this approximation, the so-called Euler Scheme
is used, as described in Glasserman’s textbook [10].
In an effort to enforce the nonnegativity of the S, V, and Z processes in the
approximation, the logarithm of these processes are approximated, using Itoˆ’s
formula, and then transformed via exponentiation. Discretizing the processes
logarithms and then exponentiating is a standard method used to enforce non-
negativity.
Given an investment horizon T and a discretization size N, denote by ∆ = T
N
the time step of the standard partition {0,∆, 2∆, ..., N∆} of [0, T ]. This partition
is the set of time points at which the processes will be approximated.
The discrete approximation for log(S) is the following,
log (S)i∆ = log (S)(i−1)∆ + µ∆ +
(
(V(i−1)∆)β
(S))
σ(B
(S)
i∆ −B(S)(i−1)∆)+
−∆
2
(
(Vi−1)∆)2β
(S))
diag(σσT ). (4.6)
Where, log (S)0 = log (s). Similarly, the following equations are used to dis-
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cretize the other processes,
log (V )i∆ = log (V )(i−1)∆ + η∆ +
(
(V(i−1)∆)β
(V ))
[ρ γ](Bi∆ −B(i−1)∆)+
−∆
2
(
(V(i−1)∆)2β
(V ))
diag([ρ γ][ρ γ]T )
log(Z)i∆ = log(Z)(i−1)∆ − uTi∆(B(S)i∆ −B(S)(i−1)∆)−
∆
2
uTi∆ui∆
Dj∆Vi∆ = Dj∆V(i−1)∆ +
{
Diag(β(V ) + e)Diag(V β
(V )
j∆ )[ρ γ](Bi∆ −B(i−1)∆)+
+Diag(η)∆
}
Dj∆V(i−1)∆ (4.7)
The Clark-Ocone formula 2.26 gives the optimal trading strategy in terms of a
conditional expectation, as seen above in equation 2.34. Therefore, a numerical
approximation of conditional expectation must be made.
This is performed by simulating the argument of the conditional expectationK-
times, denoted here by Ξ(i)t and then taking an average of the K simulations to
get the approximation pˆit. Since there is conditioning on Ft in 2.34, care is taken
to treat Ft-measureable random variables as constants, so that their value is the
same in each of the K-terms when perfoming the simulations.
Ξ
(i)
t = −I ′(Y(x)ZT )Y(x)ZT
{
u(t) +
∫ T
t
Dtus · dB˜s
}−XT ∫ T
t
Dtus · dB˜s (4.8)
pˆit =
1
K
K∑
1
Ξ
(i)
t (4.9)
The appendix A, contains the actual MATLAB code that was used in the sim-
ulations analyzed in the next chapter. This code implements the discretization
scheme that has just been described and is included for the sake of complete-
ness.
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CHAPTER 5
SIMULATION RESULTS
This chapter will review the output of the simulation model for various parame-
ter values using the model described in 4.1. Economies with a single risky asset
and multiple risky assets will be considered. Assets with and without price bub-
bles will be compared, and the influence of price correlation will be examined.
For simplicity, in all simulations analyzed, the parameters in 4.1 satisfied the
following additional constraints,
µ = η σ = ρ β(V ) = β(S)
d = 0 v = s x = 1 (5.1)
Recall that d is the dimension of Brownian motion B(V ), 2.1. With these restric-
tions on the parameters, the model now gives the price process as a collection
of correlated CEV processes. The CEV process has been well studied in, for ex-
ample, [37], [17],[7] and elsewhere. As shown in Jarrow et al. [17], the vector of
parameters β(S), will control the existence and “size” of the bubble.
Furthermore, in all simulations discussed, the investor is assumed to have a
Constant Relative Risk Aversion (CRRA) utility function. That is, either the in-
vestor will have logarithmic utility, or a power utility U(x) = x
p
p
, p < 1, p 6= 0.
To simplify notation, CRRA utility functions will be identified via the exponent
p; and, p = 0 will signify logarithmic utility.
In all the simulations, the bubbles are simulated in the following way: The opti-
mal holdings under no bubble are simulated using the same underlying source
of randomness as the optimal holdings under a price bubble. That is, the same
realization of a standard Brownian motion is used to calculate both trading pro-
cesses. The price process with no bubble SNB is assumed to follow the same
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stochastic volatility model as the price with a bubble, but with parameter vec-
tor β set to zero. This method is slightly different than the asset pricing the-
ory method of choosing a different Equivalent Local Martingale Measure under
which S equals its fundamental value. However, as has been noted in [17], there
is no systematic method of choosing the correct ELMM in the case of an incom-
plete market. Therefore, this heuristic method is reasonable.
5.1 Single Risky Asset, n=1
5.1.1 One asset Logarithmic Utility, p=0
First, the case of optimally investing in a single asset with risk aversion de-
scribed by logarithmic utility is analyzed. The optimal trading strategy appears
in figure 5.1.
Recall that S is the price of the risky asset with the money market account taken
as nume´raire. In figure 5.1 the vertical axis represents the optimal number of
shares to hold, and the horizontal axis is time. αB, the blue line with asterisk
markers, is the optimal holdings of the risky asset with a simulated price bub-
ble. αNB, the red line with the circle markers, is the optimal holdings of the risky
asset without a price bubble. The green line with x markers is the difference be-
tween optimal holdings under no bubble and optimal holdings under a bubble.
Under the simulated economy, the investor’s optimal strategy under a price
bubble versus her optimal strategy under no price bubble are very similar in ap-
pearance, and both paths have a similar shape. The existence of a bubble makes
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Figure 5.1: Trading Strategy under logarithmic utility for one risky asset with a
bubble β = 0.5
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it optimal for the investor to simply invest a smaller fraction of her wealth in the
risky asset, but otherwise to follow a trading path with the same overall shape.
The line plotting the difference between trading strategies is always above the
x-axis and clearly expresses the fact that the existence of a bubble causes a re-
duction in optimal holdings of the risky asset. This result is consistent with the
theoretical result under logarithmic utility found in chapter 3.
Consider the graph of the risky asset’s price path in figure 5.2 as compared to
the trading strategy 5.1. The trading strategies follow the same form as the asset
prices. That is, when prices are high, more of the asset is held and when prices
drop less of the asset is held. This is consistent with the results of chapter 3,
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Figure 5.2: Risky Asset Price Processes Corresponding to figure 5.1
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where the optimal trading strategy is found to be directly proportional to the
asset price process 3.13.
5.1.2 One asset, Power Utility, p=0.1
Now consider the case of a different CRRA utility function, the power utility
with p = 0.1, U(x) = 10x0.1. In [4], DeTemple et al. have investigated opti-
mal trading under these types of utility functions and have shown that they
exhibit a phenomenon known as intertemporal hedging. Intertemporal hedg-
ing refers to any deviation from Markowitz’s mean-variance investment rule.
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Figure 5.3: Trading Strategy under CRRA utility p=0.1 for one asset with a bub-
ble β = 0.5
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What has been shown in [4], is that when any utility function other than log-
arithmic utility is used, it is optimal to hedge against variations in means and
variances. This type of hedging can potentially impart interesting influences on
the trading strategies, and should therefore be investigated when considering
the influence of asset price bubbles on optimal portfolio holdings. Indeed, this
phenomenon has been a criticism of Markowitz’s mean-variance rules since at
least Merton [26].
Under this particular simulation of the economy, the optimal trading strategy
under a bubble is much smaller in magnitude than that under no bubble, as
seen in figure 5.3 where the green and red lines are nearly overlapping. The
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Figure 5.4: Simulated Asset Price under CRRA utility with p=0.1
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overall shape and timing of trading in either case remain similar, as before. It is
also interesting to see that in the second half of the trading period the trades be-
come much more erratic, fluctuating between large holdings and small holdings
repeatedly over a small time period. This trading behavior can be attributed to
the price process following this same erratic behavior, as seen in figure 5.4.
These two examples in the n = 1 case portray that in an economy with a single
risky asset, optimal investment strategies under an asset price bubble cause an
investor to reduce her holdings of the asset when compared to the case of no
price bubble.
Adding more risky assets to the economy will complicate the investor’s deci-
sion. More risky assets will potentially allow the investor to hedge the risk asso-
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ciated with the bubble by investing in other risky assets. Furthermore, there are
a myriad of economies to investigate: when only one asset has a bubble, when
all assets have a bubble, when assets are uncorrelated, when assets are nega-
tively correlated, etc. Each of these situations could influence how the trader
responds to the existence of a bubble, and will now be examined.
5.2 Multiple Risky Assets, n >1
5.2.1 Correlated assets, n=3, p=0
Figures 5.5 and 5.6 display the asset prices and optimal trading strategy results
for an economy that includes three risky assets all with price bubbles with β =
0.125[1 1 1]T . In this economy, asset prices are correlated: assets 1 and 2 are
positively correlated, assets 2 and 3 are negatively correlated, and assets 1 and
3 are uncorrelated. Namely, the correlation matrix of the price process is,
ρ =

1 0.5 0
0.5 1 −0.5
0 −0.5 1
 (5.2)
The investor’s risk preferences follow logarithmic utility. In words this case can
be described as having correlated assets, all assets having bubbles, and with no
intertemporal hedging terms.
Here a very interesting result is found in subfigures 5.6a, 5.6c,and 5.6e, the
first asset is shorted to raise additional capital for investing in the other two
risky assets. Observing the asset prices in figure 5.5, it becomes apparent that
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this strategy and the correlation between the assets, as described previously
makes it optimal to short the least expensive asset, asset 1, and hedge that risk
by investing more heavily in asset 2. Furthermore, since asset 2 is negatively
correlated with asset 3, the increased exposure to two’s systematic risk can be
partially hedged by investing in asset 3. The net effect of the correlations be-
tween the assets is that it is optimal to short asset 1 in order to leverage invest-
ment in assets 2 and 3.
It is also observed here that the optimal holdings with no bubble have higher
magnitude than optimal holdings with a bubble, consistent with theoretical re-
sults in the special case of chapter 3. This simulation demonstrates that shorting
can be optimal even under logarithic utility, when there are no intertemporal
Figure 5.5: Asset Prices
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hedging considerations, if the price processes correlate amenably.
Subfigures 5.6b, 5.6d,and 5.6f demonstrate that when optimal trading strategies
are simulated many times and averaged, the result becomes quite smooth as the
number of simulations gets large. This is consistent with the Central Limit The-
orem. Furthermore, it can be demonstrated that the average trend is related to
the drift terms chosen (µ) and not on the diffusion parameters (σ). The averages
of optimal trading strategies also display a reduction in holdings in the presence
of an asset price bubble, as expected.
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Figure 5.6: Three asset economy, all bubbles, assets correlated, log utility
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(a) Trading Strategy under log utility for three stock with a bubble Asset 1
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(b) Average Trading Strategy under log utility for three stock with a bubble
Asset 1
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(c) Trading Strategy under log utility for three stock with a bubble Asset 2
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(d) Average Trading Strategy under log utility for three stock with a bubble
Asset 2
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(e) Trading Strategy under log utility for three stock with a bubble Asset 3
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(f) Average Trading Strategy under log utility for three stock with a bubble
Asset 3
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5.2.2 Correlated Assets, n=3, p=0.5
Figure 5.7: Asset Prices, n=3,p=0.5
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In this simulation, three assets all with bubbles with β = 0.05[1 1 1]T ,with the
first two assets negatively correlated and independent from the third asset, and
risk preferences described by a power utility function with p = 1
2
, U(x) = 2
√
x.
Here, the correlation matrix is,
ρ =

1 −0.5 0
−0.5 1 0
0 0 1
 (5.3)
In all three assets, the bubble case has a significantly lower proportion of wealth
invested in the first half of the trading period.
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Figure 5.8: Three asset economy, all bubbles, assets correlated, power utility
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(a) Trading Strategy under CRRA utility for three stock with a bubble Asset 1
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(b) Average Trading Strategy under CRRA utility for three stock with a bubble
Asset 1
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(c) Trading Strategy under CRRA utility for three stock with a bubble Asset 2
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(d) Trading Strategy under CRRA utility for three stock with a bubble Asset 2
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Noticing the price paths in this case in figure 5.7, it is observed that asset 3 has
the most gains, asset 1 the most losses, and asset 2’s price is relatively stable.
However, due to the negative correlation between assets 1 and 2, the trading
in these assets becomes much more chaotic after the price of asset 1 begins de-
clining, but remain aligned with one another. In contrast, holdings of asset 3
maintain the same form throughout the duration of the trading period. It can
also be noticed that in the first half of trading, when all the assets’ prices remain
relatively constant, the optimal holding of all three assets in the case of a bubble
is much lower than the case of no bubble. Furthermore, the disparity between
bubble and no bubble holdings decreases as the prices of the assets fluctuate
and the end of trading approaches.
This phenomenon is consistent with intertemporal hedging. With a p = 1
2
utility
function, it is optimal for the investor to hedge the risk of the dynamic volatility
even in the presence of an asset price bubble. This phenomenon occured in this
particular case, when asset prices became rather volatile, but as the average of
100 simulations shows, the difference between bubble and no bubble holdings
increases with time on average, consistent with mean-variance trading strate-
gies. This occurs because the intertemporal hedging terms in any particular
realization of the economy will differ, and on average these terms will cancel
with each other and the mean-variance trading dominates in the average.
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(e) Trading Strategy under CRRA utility for three stock with a bubble Asset 2
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(f) Average Trading Strategy under CRRA utility for three stock with a bubble
Asset 3
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5.2.3 Correlated assets, n=3,p=0.5, larger bubble
In this simulation, the same parameters were used as in the last section, but the
β was doubled to β = 0.1[1 1 1]T . In this way, the effect of a more pronounced
bubble can be compared to results from the previous simulation. A very inter-
esting result occurs, namely that the severity of the bubble creates a situation in
which it is optimal to short the assets in early trading in the case of a bubble,
but to hold them in a long position in the case of no bubble. This occurs for all
three assets, even among the two that are negatively correlated. The increased
perceived risk of a bubble burst creates a scenario where the investor will short
even negatively correlated assets rather than use them to hedge risk.
In this case, what is still observed is that |αNB| > |αB|, which in words says that
the number of shares of the asset being traded in an economy with a bubble is
less than an economy without a bubble, even if in one case the asset is held in a
long position and in the other case the asset is shorted. This simulation demon-
strates that when a bubble is “large” enough, that risk is the dominant consid-
eration when trading, and correlation among asset prices cannot overcome the
perceived risk of a bubble burst. This is consistent with observed trading be-
havior in markets that are suspected to have bubbles.
Looking at the average trading strategies, again it is observed that the intertem-
poral hedging concerns in any specific realization cancel with one another and
the dominant term in the average is the mean-variance strategy. This is consis-
tent with the Central Limit Theorem, as previously stated, and should be seen
in every case.
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Figure 5.9: Three asset economy, severe bubbles, assets correlated, power utility
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(a) Trading Strategy under CRRA utility for three stock with a bubble Asset 1
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(b) Trading Strategy under CRRA utility for three stock with a bubble Asset 2
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(c) Trading Strategy under CRRA utility for three stock with a bubble Asset 3
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(d) Average Trading Strategy under CRRA utility for three stock with a bubble
Asset 1
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(e) Average Trading Strategy under CRRA utility for three stock with a bubble
Asset 2
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(f) Average Trading Strategy under CRRA utility for three stock with a bubble
Asset 3
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5.2.4 Uncorrelated Assets n=3,p=0.5
In this simulation, the assets are all uncorrelated and β = 1
8
[1 1 1]T . Again, the
effect of the bubble is to short the assets in the case of a bubble, but to hold
them in a long position in the case of no bubble. Again |αNB| > |αB| as ex-
pected. The results of these simulation provide further evidence that the effect
of intertemporal hedging and the investor’s percieved risk of a bubble are what
make shorting in the case of a bubble optimal, as opposed to asset price correla-
tion effects.
Again, the average trading figures portray that the mean-variance term domi-
nates in the average, and the average holdings of any asset stabilizes.
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Figure 5.10: Three asset economy, price bubbles, assets uncorrelated, power util-
ity
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(a) Trading Strategy Asset 1
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(b) Trading Strategy Asset 2
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(c) Trading Strategy Asset 3
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(d) Average Trading Strategy Asset 1
55
0 0.2 0.4 0.6 0.8 1
−50
0
50
100
150
200
250
300
Average trading strategies β =0.125, N =80, p =0.5 asset=2 n =100
 
 
α¯B
α¯NB
α¯NB − α¯B
(e) Average Trading Strategy Asset 2
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(f) Average Trading Strategy Asset 3
Figure 5.10
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5.2.5 Uncorrelated, n=3, p=0.5
In this simulation, three uncorrelated assets are given with different bubble pa-
rameters. β =
[
0.25 0.1 0
]T
. Here it is apparent again that the bubble can
cause shorting when the no bubble situation would not. Furthermore, the larger
β corresponds to a longer period of shorting. In the asset with no bubble, the
asset is never shorted. In this economy, even the asset with no bubble is affected
by the other assets with bubbles. Again, |αNB| > |αB|.
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Figure 5.11: Three asset economy, different price bubbles, assets uncorrelated,
power utility
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(a) Asset 1 holdings
0 0.2 0.4 0.6 0.8 1
−6
−4
−2
0
2
4
6
8
10
12
β =0.1, N =80, p =0.5 asset=2
 
 
αB
αNB
αNB − αB
(b) Asset 2 holdings
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(c) Asset 3 holdings
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(d) Ave Asset 1 holdings
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(e) Average Asset 2 holdings
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(f) Average Asset 3 holdings
Figure 5.11: Trading Strategies for differing β values
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5.2.6 correlated n=2, p=0.5
Figure 5.12: Two asset economy, different price bubbles, assets correlated,
power utility
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(a) Asset 1 holdings
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(b) Asset 2 holdings
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(c) Ave Asset 1 holdings
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(d) Average Asset 2 holdings
Figure 5.12: Trading Strategies for 2 assets differing β values
In this example, β =
[
0.25 0
]T
. The assets are negatively correlated with
correlation ρ(1, 2) = −0.5. Here the shorting occurs in both assets when one has
a bubble. This is due to the perceived risk of the bubble and the correlation that
will allow for heding of risk. Again, |αNB| > |αB|.
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CHAPTER 6
CONCLUDING REMARKS AND OPEN QUESTIONS
The objective of this work was to investigate the effect of asset price bubbles
on optimal portfolio allocations. The result found both in a theoretical example
of chapter 3 and in the simulation output of chapter 5 is that |αNB| > |αB|. So,
while it is possible for a bubble to alter the direction of a trade (short instead
of long), what remains true is that an optimal investor will always hold fewer
shares of an asset with a bubble in her portfolio compared to if that asset did
not have a price bubble.
The effect of a bubble birth on optimal holdings remains to be investigated.
Modeling the birth of an asset price bubble was one of the central hurdles that
was overcome in Jarrow et al. [18]. The method developed in [18] relied on
regime shifting in what was termed a “dynamic market.” The valuation mea-
sure chosen by the market was allowed to change over time, and at time epochs
when the market changed from an ELMM with no bubble to an ELMM with a
bubble, a bubble was born.
It would also be of interest to consider the effect to the investor’s terminal
wealth of ignoring the bubble and choosing the αNB trading strategy. Sup-
pose there was in fact a bubble, but the investor overlooked this, is there some-
thing definitive that can be said about how this will affect her wealth process?
How large does the β need to be before this has a significant impact on her
wealth? This question seems particularly relevant when considering the dra-
matic increase of computation time involved in calculating optimal holdings
when modeling a bubble. If incorporating a bubble into asset price models does
not significantly decrease the terminal wealth, then it may not be worth the ex-
tra computation time in an industrial setting.
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Finally, it would be interesting to consider the effect, if any, of adding a ran-
dom time of expiry, as seen in the special example of 3. As seen in theorem 4.1
of [18], and mentioned in the review of asset price bubbles, such an addition
would allow for a more general types of bubbles to be considered. Here only
type 3 bubbles, bubbles that are strict Q local martingales, have been investi-
gated. This is because the investor has a finite time horizon, so this places a
finite and bounded expiration time on all the assets, as far as the investor is con-
cerned. Therefore, adding this random expiry to the model would require not
only adding it in the model of the asset prices, but also modifying the portfolio
optimization problem to an infinite horizon problem.
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APPENDIX A
MATLAB CODE
A.1 Price Simulator
1 funct ion [ Sout , SoutNB , Vout , VoutNB , Xout , XoutNB , piout ,
pioutNB , uout , uoutNB , QzPout , QzPoutNB]= Pr iceS imula tor (mu,
eta , sigma , rho , gamma, T , del ta , s , v , beta , I , x , maxiter )
2 n=maxiter ;
3 m=length ( s ) ; d=length ( v ) ; n s= s i z e ( rho , 2 ) ; n v= s i z e (
gamma, 2 ) ;
4 N= f l o o r ( T/ d e l t a ) ;
5 V=zeros ( d ,N) ; VNB=V;
6 S=zeros (m,N) ; SNB=S ;
7 u=zeros ( n s ,N) ;
8 Du=zeros ( n s , n s+n v ,N,N) ;
9 DV=zeros ( d , n s+n v ,N,N) ;
10 QzP=zeros (N, 1 ) ; QzPNB=QzP ;
11 CEarg=zeros ( n s ,N, n ) ;
12 CEargNB=CEarg ;
13 syms t ;
14
15 f o r i t e r =1:n
16 Z=randn ( n s+n v ,N) ;
17 b=Z∗ s q r t ( d e l t a ) ;
18 t i l d e b =zeros ( s i z e ( b ) ) ; tildebNB= t i l d e b ;
19
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20 LNV=log ( v ) +e ta ∗d e l t a +v . ˆ beta . ∗ ( [ rho ,gamma]∗b ( : , 1 ) )
−.5∗v . ˆ ( 2 ∗ beta ) .∗ diag ( [ rho ,gamma] ∗ [ rho ’ ; gamma
’ ] ) ∗d e l t a ;
21 LNVNB=log ( v ) +e ta ∗d e l t a + ( [ rho ,gamma] ) ∗b ( : , 1 ) −.5∗
diag ( [ rho ,gamma] ∗ [ rho ’ ; gamma’ ] ) ∗d e l t a ;
22
23 V ( : , 1 ) =exp (LNV) ;
24 VNB( : , 1 ) =exp (LNVNB) ;
25
26 LNS=log ( s ) +mu∗d e l t a +v . ˆ beta . ∗ ( sigma∗b ( 1 : n s , 1 ) )
−.5∗v . ˆ ( 2 ∗ beta ) .∗ diag ( sigma∗sigma ’ ) ∗d e l t a ;
27 LNSNB=log ( s ) +mu∗d e l t a +sigma∗b ( 1 : n s , 1 ) −.5∗diag (
sigma∗sigma ’ ) ∗d e l t a ;
28
29 S ( : , 1 ) =exp (LNS) ;
30 SNB ( : , 1 ) =exp (LNSNB) ;
31
32 u ( : , 1 ) =diag (V ( : , 1 ) .ˆ− beta ) ∗sigma ’ ∗ ( ( sigma∗sigma ’ ) \
mu) ;
33 uNB=sigma ’ ∗ ( ( sigma∗sigma ’ ) \mu) ∗ones ( 1 , s i z e ( u , 2 ) ) ;
34 DV( : , : , 1 , 1 ) =diag (V ( : , 1 ) . ˆ ( ones ( s i z e ( beta ) ) +beta ) )
∗ [ rho ,gamma ] ;
35
36 Du ( : , : , 1 , 1 ) =sigma ’ ∗ ( ( sigma∗sigma ’ ) \ ( diag(−beta .∗mu
) ∗diag (V ( : , 1 ) . ˆ ( − beta−ones ( s i z e ( beta ) ) ) ) ) ∗
squeeze (DV( : , : , 1 , 1 ) ) ) ;
67
37
38 LNQzP=−u ( : , 1 ) ’∗b ( 1 : n s , 1 ) −.5∗ d e l t a ∗u ( : , 1 ) ’∗u ( : , 1 ) ;
39 LNQzPNB=−uNB ( : , 1 ) ’∗b ( 1 : n s , 1 ) −.5∗ d e l t a ∗uNB ( : , 1 ) ’∗
uNB ( : , 1 ) ;
40
41 QzP ( 1 ) =exp (LNQzP( 1 ) ) ;
42
43 t i l d e b ( : , 1 ) =b ( : , 1 ) + d e l t a ∗u ( : , 1 ) ;
44 tildebNB ( : , 1 ) =b ( : , 1 ) + d e l t a ∗uNB ( : , 1 ) ;
45
46 f o r i =2:N
47 LNVlast=LNV;
48 LNV=LNVlast+e ta ∗d e l t a +(V ( : , i −1) . ˆ beta ) . ∗ ( [ rho ,
gamma]∗b ( : , i ) ) − .5∗(V ( : , i −1) . ˆ ( 2 ∗ beta ) ) .∗
diag ( [ rho ,gamma] ∗ [ rho ’ ; gamma’ ] ) ∗d e l t a ;
49
50 LNVlastNB=LNVNB;
51 LNVNB=LNVlastNB+eta ∗d e l t a + ( [ rho ,gamma] ) ∗b ( : , i )
−.5∗diag ( [ rho ,gamma] ∗ [ rho ’ ; gamma’ ] ) ∗d e l t a ;
52
53 V ( : , i ) =exp (LNV) ;
54 VNB( : , i ) =exp (LNVNB) ;
55
56 LNSlast=LNS ;
57 LNS=LNSlast+mu∗d e l t a +(V ( : , i −1) . ˆ beta ) . ∗ ( sigma∗
b ( 1 : n s , i ) ) − .5∗(V ( : , i −1) . ˆ ( 2 ∗ beta ) ) .∗ diag (
68
sigma∗sigma ’ ) ∗d e l t a ;
58 S ( : , i ) =exp (LNS) ;
59
60 LNSlastNB=LNSNB;
61 LNSNB=LNSlastNB+mu∗d e l t a +sigma∗b ( 1 : n s , i ) −.5∗
diag ( sigma∗sigma ’ ) ∗d e l t a ;
62 SNB ( : , i ) =exp (LNSNB) ;
63
64 u ( : , i ) =diag (V ( : , i ) . ˆ ( − beta ) ) ∗ ( sigma ’ ∗ ( ( sigma∗
sigma ’ ) \mu) ) ;
65 DV( : , : , i , i ) =diag (V ( : , i ) . ˆ ( ones ( s i z e ( beta ) ) +
beta ) ) ∗ [ rho ,gamma ] ;
66 Du ( : , : , i , i ) =sigma ’ ∗ ( ( sigma∗sigma ’ ) \ ( diag(−beta
.∗mu) ∗diag (V ( : , i ) . ˆ ( − beta−ones ( s i z e ( beta ) ) )
) ) ∗ squeeze (DV( : , : , i , i ) ) ) ;
67
68 LNQzPlast=LNQzP;
69 LNQzP=LNQzPlast−u ( : , i ) ’∗b ( 1 : n s , i ) −.5∗ d e l t a ∗u
( : , i ) ’∗u ( : , i ) ;
70
71 LNQzPlastNB=LNQzPNB;
72 LNQzPNB=LNQzPlastNB−uNB ( : , i ) ’∗b ( 1 : n s , i ) −.5∗
d e l t a ∗uNB ( : , i ) ’∗uNB ( : , i ) ;
73
74 QzP( i ) =exp (LNQzP) ;
75 t i l d e b ( : , i ) =b ( : , i ) +sum( d e l t a ∗u ( : , 1 : i ) , 2 ) ;
69
76
77 QzPNB( i ) =exp (LNQzPNB) ;
78 tildebNB ( : , i ) =b ( : , i ) +sum( d e l t a ∗uNB ( : , 1 : i ) , 2 ) ;
79 end
80 f o r i =2:N
81 f o r j = i +1:N
82 DV( : , : , i , j ) =DV( : , : , i , j −1) +( diag ( beta+ones (
s i z e ( beta ) ) ) ∗diag (V ( : , i ) . ˆ ( beta ) ) ∗diag
( [ rho ,gamma]∗b ( : , j ) ) +diag ( e ta ) ∗d e l t a ) ∗
DV( : , : , i , j −1) ;
83 Du ( : , : , i , j ) =sigma ’ ∗ ( ( sigma∗sigma ’ ) \ ( diag(−
beta .∗mu) ∗diag (V ( : , j ) . ˆ ( − beta−ones ( s i z e
( beta ) ) ) ) ) ) ∗ squeeze (DV( : , : , i , j ) ) ;
84 end
85 end
86 Y= f s o l v e (@( y ) x−QzP(N) ∗ I ( y∗QzP(N) ) , 1 , optimset ( ’
display ’ , ’ o f f ’ ) ) ;
87 YNB= f s o l v e (@( y ) x−QzPNB(N) ∗ I ( y∗QzPNB(N) ) , 1 , optimset
( ’ display ’ , ’ o f f ’ ) ) ;
88
89 X= I (Y∗QzP) ;
90 XNB= I (YNB∗QzPNB) ;
91
92 i f i t e r ==1
93 t i l d e b o u t = t i l d e b ;
94 Sout=S ;
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95 Vout=V;
96 Xout=X ;
97 uout=u ;
98 Duout=Du;
99 QzPout=QzP ;
100
101 SoutNB=SNB ;
102 VoutNB=VNB;
103 XoutNB=XNB;
104 uoutNB=uNB;
105 QzPoutNB=QzPNB;
106 end
107 a=QzP(N) ∗ ( subs ( t . ∗ d i f f ( I ( t ) , t ) ,Y∗QzP(N) ) ) ;
108 b=QzP(N) ∗ ( subs ( t . ∗ d i f f ( I ( t ) , t ) + I ( t ) ,Y∗QzP(N) ) ) ;
109
110 aNB=QzPNB(N) ∗ ( subs ( t . ∗ d i f f ( I ( t ) , t ) ,YNB∗QzPNB(N) ) ) ;
111 f o r i =1:N
112 s t o c h i n t =zeros ( n s , 1 ) ;
113
114 f o r k= i +1:N
115 s t o c h i n t = s t o c h i n t +Du ( : , : , i , k ) ∗ t i l d e b ( : , k ) ;
116 end
117 CEarg ( : , i , i t e r )=−a/QzPout ( i ) ∗uout ( : , i )−b/
QzPout ( i ) ∗ ( Duout ( : , : , i , i ) ∗ t i l d e b o u t ( : , i ) +
s t o c h i n t ) ;
71
118 CEargNB ( : , i , i t e r )=−aNB/QzPoutNB ( i ) ∗uoutNB ( : , i )
;
119 end
120 end
121 piout=squeeze (mean( CEarg , 3 ) ) ;
122
123 pioutNB=squeeze (mean( CEargNB , 3 ) ) ;
124 end
A.2 MDMC
1 funct ion [ S , SNB, V,VNB, X ,XNB, pi , piNB , Save , Vave , Xave , piave ,
SaveNB , VaveNB , XaveNB , piaveNB , u , uNB, alpha , alphaNB , QzP ,
QzPNB, supnorm , simtime ]=MDMC( n ,mu, eta , sigma , rho , gamma, T ,
del ta , s , v , beta , I , x , maxiter )
2 N= f l o o r ( T/ d e l t a ) ;
3 S=zeros ( length ( s ) ,N, n ) ; V=zeros ( length ( v ) ,N, n ) ; X=
zeros (N, n ) ; pi=zeros ( s i z e ( rho , 2 ) ,N, n ) ; u=zeros ( s i z e (
rho , 2 ) ,N, n ) ;
4 SNB=S ;VNB=V;XNB=X ; piNB=pi ;uNB=u ; alpha=zeros ( length ( s ) ,
N, n ) ; alphaNB=alpha ;
5 QzP=zeros (N, n ) ;QzPNB=QzP ;
6 supnorm=zeros ( s i z e ( s ) ) ;
7 t i c ;
8 f o r t =1:n
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9 [ S ( : , : , t ) ,SNB ( : , : , t ) ,V ( : , : , t ) ,VNB( : , : , t ) ,X ( : , t ) ,
XNB( : , t ) , pi ( : , : , t ) , piNB ( : , : , t ) ,u ( : , : , t ) ,uNB
( : , : , t ) ,QzP ( : , t ) ,QzPNB ( : , t ) ]= Pr iceS imula tor (mu,
eta , sigma , rho , gamma, T , del ta , s , v , beta , I , x ,
maxiter ) ;
10 end
11 simtime=toc ;
12 Save=mean( S , 3 ) ;
13 Vave=mean(V, 3 ) ;
14 Xave=mean(X , 2 ) ;
15 piave=mean( pi , 3 ) ;
16
17 SaveNB=mean(SNB, 3 ) ;
18 VaveNB=mean(VNB, 3 ) ;
19 XaveNB=mean(XNB, 2 ) ;
20 piaveNB=mean( piNB , 3 ) ;
21
22 f o r i =1:N
23 f o r j =1 :n
24 alpha ( : , i , j ) =diag ( S ( : , i , j ) .ˆ(−1− beta ) ) ∗ ( sigma∗
sigma ’ ) \ ( sigma∗pi ( : , i , j ) ) ;
25 alphaNB ( : , i , j ) =diag (SNB ( : , i , j ) . ˆ−1) ∗ ( sigma∗
sigma ’ ) \ ( sigma∗piNB ( : , i , j ) ) ;
26 end
27 end
28 alphaave=mean( alpha , 3 ) ;
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29 alphaaveNB=mean( alphaNB , 3 ) ;
30
31 f o r i =1: length ( s )
32 supnorm ( i ) =max(max ( ( alphaNB ( i , : , : )−alpha ( i , : , : ) ) ) )
;
33 f i g u r e ;
34 p l o t ( d e l t a : d e l t a :N∗del ta , alpha ( i , : , 1 ) , ’ bl −∗ ’ , d e l t a
: d e l t a :N∗del ta , alphaNB ( i , : , 1 ) , ’ r−o ’ , d e l t a : d e l t a
:N∗del ta , alphaNB ( i , : , 1 )−alpha ( i , : , 1 ) , ’ g−x ’ ) ;
35 t i t l e ( s t r c a t ( ’ $\beta=$ ’ , num2str ( beta ( i ) ) , ’ , $N=$ ’ ,
num2str (N) , ’ , $p=$ ’ , num2str ( log ( 2 ) /log ( I ( 2 ) ) +1)
, ’ a s s e t = ’ , num2str ( i ) ) , ’ f o n t s i z e ’ , 1 2 , ’
I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
36 h = legend ( ’ $\alpha ˆ B$ ’ , ’ $\alpha ˆ{NB}$ ’ , ’ $\alpha ˆ{
NB}−\alpha ˆ B$ ’ , ’ l o c a t i o n ’ , ’ Best ’ ) ;
37 s e t ( h , ’ f o n t s i z e ’ , 1 2 , ’ I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
38 f i g u r e ;
39 p l o t ( d e l t a : d e l t a :N∗del ta , alphaave ( i , : ) , ’ bl −∗ ’ ,
d e l t a : d e l t a :N∗del ta , alphaaveNB ( i , : ) , ’ r−o ’ , d e l t a
: d e l t a :N∗del ta , alphaaveNB ( i , : )−alphaave ( i , : ) , ’ g
−x ’ ) ;
40 t i t l e ( s t r c a t ( ’ Average trading s t r a t e g i e s $\beta=$
’ , num2str ( beta ( i ) ) , ’ , $N=$ ’ , num2str (N) , ’ , $p=$
’ , num2str ( log ( 2 ) /log ( I ( 2 ) ) +1) , ’ a s s e t = ’ , num2str
( i ) , ’ $n=$ ’ , num2str ( n ) ) , ’ f o n t s i z e ’ , 1 2 , ’
I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
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41 h = legend ( ’ $\bar {\ alpha } ˆ B$ ’ , ’ $\bar {\ alpha } ˆ{NB}$
’ , ’ $\bar {\ alpha } ˆ{NB}−\bar {\ alpha } ˆ B$ ’ , ’
l o c a t i o n ’ , ’ Best ’ ) ;
42 s e t ( h , ’ f o n t s i z e ’ , 1 2 , ’ I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
43 end
44 s a v e f i l e = s t r c a t ( ’ BubbleSimulationData ’ , num2str ( f i x (
c lock ) ) ) ;
45 save ( s a v e f i l e ) ;
46 end
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